Computer vision:
models, learning and inference

Simon J.D. Prince

July 7, 2012

Copyright (©2011, 2012 by Simon Prince; to be published by Cambridge University
Press 2012. For personal use only, not for distribution.

The most recent version of this book can be downloaded from
http://www.computervisionmodels.com.

Please mail errata to s.prince@cs.ucl.ac.uk.



Copyright (©2011,2012 by Simon Prince; published by Cambridge University Press 2012.
For personal use only, not for distribution.



This book is dedicated to Richard Eagle, without whom it would never have been
started, and to Lynfa Stroud, without whom it would never have been finished.




Copyright (©2011,2012 by Simon Prince; published by Cambridge University Press 2012.
For personal use only, not for distribution.



Contents

1 Introduction 15
I Probability 21
2 Introduction to probability 25
2.1 Random variables . . . . . . .. .. ..o oo 25
2.2 Joint probability . . . . . ... oo oL 26
2.3 Marginalization . . . . .. ... oL Lo 27
2.4  Conditional probability . . . . . . .. ... oL 28
25 Bayes'rule. . .. ... ... 30
2.6 Independence . . . . .. ... .. e 31
2.7 Expectation . . . . ... oo 31
3 Common probability distributions 35
3.1 Bernoulli distribution . . . . . . ... ..o oL 36
3.2 Beta distribution . . . . . .. ... .. 37
3.3  Categorical distribution . . . . .. ... ... 0oL 38
3.4 Dirichlet distribution . . . . . . .. .. ... ... .o L. 39
3.5 Univariate normal distribution . . . .. ... ... ... ... ... 40
3.6 Normal-scaled inverse gamma distribution . . . . . . .. ... ... 40
3.7  Multivariate normal distribution . . . . . ... ... o000 41
3.8 Normal inverse Wishart distribution . . . . .. ... .. ... ... 42
3.9 Comjugacy . . . . . i e e e 42
4 Fitting probability models 49
4.1 Maximum likelihood . . . . . . .. ... oo 49
4.2 Maximum a posteriori . . . . . .. ... L L oL 50
4.3 The Bayesian approach . . . . . .. ... .. ..o 50
4.4  Worked example 1: univariate normal . . .. .. ... .. ... .. 51
4.5 Worked example 2: categorical distribution . . .. ... ... ... 60
5 The normal distribution 69
5.1 Types of covariance matrix . . . . . . . .. .. .. ... ... ... 69
5.2 Decomposition of covariance . . . . . . .. ... L. 71
5.3  Linear transformations of variables . . . . . . .. ... ... .... 72

Copyright (©2011,2012 by Simon Prince; published by Cambridge University Press 2012.
For personal use only, not for distribution.



Contents

5.4 Marginal distributions . . . . . .. ... oo 72
5.5 Conditional distributions . . . . . . . .. .. ... ... ... 73
5.6  Product of two normals . . . .. ... ... ... ... ... 74
5.7 Change of variable . . . . . . . ... ... .. ... ... 75
II Machine learning for machine vision 79
6 Learning and inference in vision 83
6.1 Computer vision problems . . . . . . ... ... L0 83
6.2 Typesof model . . . . . . . .. . L 84
6.3  Example 1: regression . . . . . . .. ... 85
6.4  Example 2: binary classification . . . . . . ... ... 0oL 88
6.5  Which type of model should we use? . . ... ... ......... 91
6.6  Applications . . . . . ... Lo 93
7 Modeling complex data densities 101
7.1 Normal classification model . . . . . . . .. ... .. ... ... .. 101
7.2 Hidden variables . . . . . . . . .. ... ... .. 105
7.3 Expectation maximization . . . . . ... ... L. 106
7.4  Mixture of Gaussians . . . . . . ... ..o 108
7.5  The t-distribution . . . . . .. ... 115
7.6  Factor analysis . . .. ... ... ... oo 120
7.7  Combining models . . . . . . . ... ... .. 126
7.8 Expectation maximization in detail . . . . . .. ... ... .. .. 127
7.9  Applications . . . . ... 132
8 Regression models 143
8.1 Linear regression . . . . . . . . .. ... oL 143
8.2 Bayesian linear regression . . . . . .. ... ... oL 147
8.3 Non-linear regression . . . . . . . . .. . .. . oL 150
8.4  Kernels and the kernel trick . . . .. ... ... ... .. 155
8.5 Gaussian process regression . . . . . . ... 156
8.6 Sparse linear regression . . . . . . . ... L. Lo 157
8.7  Dual linear regression . . . . . . ... ..o oL 161
8.8  Relevance vector regression . . . . . ... ... oL 163
8.9  Regression to multivariate data . . . . . . ... ... L. 165
8.10 Applications . . . . . . . ... 165
9 Classification models 171
9.1 Logistic regression . . . . . . . .. .o o 171
9.2 Bayesian logistic regression . . . . .. ... . 0L L 176
9.3  Non-linear logistic regression . . . . . . . . ... . ... ... .. 181
9.4 Dual logistic regression . . . . . . . .. ... Lo 183
9.5 Kernel logistic regression . . . . . . .. ... . L. 185
9.6 Relevance vector classification . . . . . ... ... ... 186
9.7  Incremental fitting and boosting . . . . ... ... 0oL 190
9.8  Classification trees . . . . . . . . . ... ... ... 194

Copyright (©2011,2012 by Simon Prince; published by Cambridge University Press 2012.

For personal use only, not for distribution.



Contents

9.9 Multi-class logistic regression . . . . . . .. .. ... ... .. 197
9.10 Random trees, forests, and ferns. . . . . . .. ... .. ... .. .. 198
9.11 Relation to non-probabilistic models . . . . . .. ... ... .. .. 200
9.12 Applications . . . . . . . .. 201
IIT Connecting local models 213
10 Graphical models 217
10.1 Conditional independence . . . . . .. ... .. .. ... ...... 217
10.2 Directed graphical models . . . . . . ... ... ... ... ... 219
10.3 Undirected graphical models . . . . . . . . .. ... ... ... ... 223
10.4 Comparing directed and undirected graphical models . . . . . . . . 225
10.5 Graphical models in computer vision . . . . . ... ... ... ... 227
10.6 Inference in models with many unknowns . . . .. ... ... ... 229
10.7 Drawing samples . . . . . .. . .. Lo 231
10.8 Learning . . . . . . . . oL L 233
11 Models for chains and trees 243
11.1  Models for chains . . . . . . . . ... ... ... . ... ... ... 244
11.2  MAP inference for chains . . . .. .. ... ... ... .. .. ... 246
11.3 MAP inference for trees . . . . . . . .. ... ... ... ... ... 251
11.4 Marginal posterior inference for chains . . . . . .. ... ... ... 254
11.5 Marginal posterior inference for trees . . . . . . .. .. ... .. 262
11.6 Learning in chains and trees . . . . . .. ... ... ... ... 262
11.7 Beyond chains and trees . . . . . . .. ... ... L. 263
11.8 Applications . . . . . . . ... 266
12 Models for grids 279
12.1 Markov random fields . . . . .. ... .. ... .. .. ... ... 280
12.2  MAP inference for binary pairwise MRFs . . ... ... ... ... 284
12.3 MAP inference for multi-label pairwise MRFs . . . . . .. .. ... 293
12.4  Multi-label MRFs with non-convex potentials . . . . . ... .. .. 296
12.5 Conditional random fields . . . . . .. ... ... ... ... ..., 300
12.6  Higher order models . . . . . . . .. ... ... ... ... ... 303
12.7 Directed models for grids . . . .. .. ... oL 304
12.8  Applications . . . . . . . ... 304
IV  Preprocessing 321
13 Image preprocessing and feature extraction 325
13.1 Per-pixel transformations . . ... .. ... ... ... .. ..... 325
13.2  Edges, corners, and interest points . . . . .. ... ... ... ... 336
13.3 Descriptors . . . . . ... 341
13.4 Dimensionality reduction . . . . . . .. ... ..o 345

Copyright (©2011,2012 by Simon Prince; published by Cambridge University Press 2012.
For personal use only, not for distribution.



Contents

V  Models for geometry 355
14 The pinhole camera 359
14.1 The pinhole camera . . . . . . . . . ... Lo 359
14.2  Three geometric problems . . . . . .. .. ... ... 367
14.3 Homogeneous coordinates . . . . . . . ... ... L. 371
14.4 Learning extrinsic parameters . . . . . . . . . . .. .. ... ... 373
14.5  Learning intrinsic parameters . . . . . . . .. . .. .. ... ... 375
14.6  Inferring 3D world points . . . . . .. ... oL 376
14.7 Applications . . . . . . ... 378
15 Models for transformations 389
15.1 2D transformation models . . . . . . . ... ... oL 389
15.2  Learning in transformation models . . . . . . . ... ... .. ... 396
15.3 Inference in transformation models . . . . . . ... ... ... ... 401
15.4 Three geometric problems for planes . . . . . . .. ... ... ... 402
15.5 Transformations between images . . . . . .. ... ... ... ... 407
15.6 Robust learning of transformations . . . . . . ... ... ... ... 410
15.7 Applications . . . . . . ... 415
16 Multiple cameras 423
16.1 Two-view geometry . . . . . . . . . ... 424
16.2 The essential matrix . . . .. .. ... Lo oL 427
16.3 The fundamental matrix . . . . . .. ... .. ... ... ...... 432
16.4 Two-view reconstruction pipeline . . . . . . .. .. ... ... ... 435
16.5 Rectification . . . . . . . ... 439
16.6 Multi-view reconstruction . . . . . . . . . ... .. ... ... ... 443
16.7 Applications . . . . . . ... 447
VI Models for vision 457
17 Models for shape 461
17.1 Shape and its representation . . . . . . ... ... L. 462
17.2 Snakes . . . . . . . .. 463
17.3 Shape templates . . . . . .. ... L 468
17.4  Statistical shape models . . . . . . ... ... 0oL 471
17.5 Subspace shapemodels . . . . . . . .. .. ... ... ... ..... 475
17.6  Three-dimensional shape models . . . . . ... .. ... ... ... 482
17.7  Statistical models for shape and appearance . . . . . . .. ... .. 482
17.8 Non-Gaussian statistical shape models . . . . . ... .. ... ... 487
17.9  Articulated models . . . . .. ..o o 492
17.10 Applications . . . . . . . . ... 493

Copyright (©2011,2012 by Simon Prince; published by Cambridge University Press 2012.
For personal use only, not for distribution.



Contents

18 Models for style and identity 503
18.1 Subspace identity model . . . . .. ... oo 506
18.2  Probabilistic linear discriminant analysis . . . . . . ... ... ... 514
18.3 Non-linear identity models . . . . . . . .. .. ... oL 517
18.4  Asymmetric bilinear models . . . . . . ... ..o 518
18.5 Symmetric bilinear and multilinear models . . . . . . . .. .. ... 524
18.6 Applications . . . . . . . . ... 528

19 Temporal models 537
19.1 Temporal estimation framework . . . . . . . . ... .. .. ... .. 537
19.2 Kalman filter . . . . . . . ... ... 540
19.3 Extended Kalman filter . . . . ... ... .. ... ... ...... 550
19.4 Unscented Kalman filter . . . . . ... ... ... ... ... .... 554
19.5 Particle filtering . . . . .. ... oo o 558
19.6 Applications . . . . . . ... 563

20 Models for visual words 571
20.1 Images as collections of visual words . . . . . ... ... ... ... 571
20.2 Bagofwords . .. ... ... ... 573
20.3 Latent Dirichlet allocation . . . . . . . ... .. ... ... ..... 576
20.4 Single author-topic model . . . . . .. . ... ... ... ... ... 582
20.5 Constellation models . . . . . . . .. ... 585
20.6 Scene models . . . . ... 590
20.7 Applications . . . . ..o 590

VII Appendices 597

A Notation 599

B Optimization 601
B.1  Problem statement . . . .. ... ... ... ... ... .. ..... 601
B.2  Choosing a search direction . . . . . . ... ... ... ... .. 603
B.3 Linesearch . . .. ... .. ... ... 608
B.4  Reparameterization . . . . . . . ... Lo 609

C Linear algebra 613
C.l Vectors. . . . . .o oo e 613
C.2 Matrices . . . . . . . e 614
C.3  Tensors . . . . ... 617
C.4  Linear transformations . . . . . . . ... .. ... ... ....... 617
C.5  Singular value decomposition . . . . .. .. ... ... ... ... 618
C.6  Matrixcalculus . . . ... ... o 621
C.7  Common problems . . . . .. .. ... ... ... 0. 623
C.8  Tricks for inverting large matrices . . . . . . . . . . ... ... ... 626

Copyright (©2011,2012 by Simon Prince; published by Cambridge University Press 2012.
For personal use only, not for distribution.



Contents

Copyright (©2011,2012 by Simon Prince; published by Cambridge University Press 2012.
For personal use only, not for distribution.



